The Chaplygin gas as a model for dark energy by Gorini, V. et al.
ar
X
iv
:g
r-q
c/
04
03
06
2v
2 
 2
3 
A
pr
 2
00
4
The Chaplygin gas as a model for dark energy
V. Gorini,1,2 A. Kamenshchik,1,3 U. Moschella1,2
V. Pasquier4
1Dipartimento di Scienze Matematiche, Fisiche e Chimiche, Universita` dell’Insubria,
Via Valleggio 11, 22100 Como, Italy
2INFN sez. di Milano, Italy
3L.D. Landau Institute for Theoretical Physics of Russian Academy of Sciences,
Kosygin str. 2, 119334 Moscow, Russia
4Service de Physique Theo´rique, C.E. Saclay, 91191 Gif-sur-Yvette, France
Abstract
We review the essential features of the Chaplygin gas cosmological
models and provide some examples of appearance of the Chaplygin gas
equation of state in modern physics. A possible theoretical basis for the
Chaplygin gas in cosmology is discussed. The relation with scalar field
and tachyon cosmological models is also considered.
1 Introduction
Recent years observations of the luminosity of type Ia distant supernovae
[1, 2, 3] point towards an accelerated expansion of the universe, which
implies that the pressure p and the energy density ρ of the universe should
violate the strong energy condition, i.e. ρ+ 3p < 0.
The matter responsible for this condition to be satisfied at some stage
of the cosmological evolution is referred to as “dark energy” (for a review
see [4, 5, 6]). There are different candidates for the role of dark energy.
The most traditional candidate is a nonvanishing cosmological con-
stant, which can also be thought of as a perfect fluid satisfying the equa-
tion of state p = −ρ. However, it remains to understand why the ob-
served value of the cosmological constant is so small in comparison with
the Planck mass scale.
Moreover, there also arises in this connection the so called ”cosmic
coincidence conundrum”. It amounts to the following question: why are
the energy densities of dark energy and of dust-like matter at the present
epoch of the same order of magnitude? This seems to be a problem, be-
cause it would imply that at the time of recombination these two densities
were different by many orders of magnitude (see for instance [7]).
A less featureless candidate to provide dark energy is represented by
the so called quintessence scalar field [8]. Scalar fields are traditionally
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used in inflationary models to describe the transition from the quasi-
exponential expansion of the early universe to a power law expansion. It
has been a natural choice to try to understand the present acceleration
of the universe by also using scalar fields [9, 10]. However, we now deal
with the opposite task, i.e. we would like to describe the transition from
a universe filled with dust-like matter to an exponentially expanding one.
Scalar fields are not the only possibility but there are (of course) alter-
natives. Among these one can point out the so called k-essence models,
where one deals again with a scalar field, but with a non-standard kinetic
term [11]. The tachyonic models of dark energy have a similar structure,
where the kinetic term of the tachyon field has a form suggested by string
theory (see the review [12] and references therein). One can also mention
models where the role of dark energy is played by quantum corrections to
the effective action of a scalar field [13].
Here we consider a recently proposed class of simple cosmological mod-
els based on the use of peculiar perfect fluids [14]. In the simplest case,
we study the model of a universe filled with the so called Chaplygin gas,
which is a perfect fluid characterized by the following equation of state:
p = −A
ρ
, (1)
where A is a positive constant.
Chaplygin introduced this equation of state [15] as a suitable math-
ematical approximation for calculating the lifting force on a wing of an
airplane in aerodynamics. The same model was rediscovered later in the
same context [16, 17].
The convenience of the Chaplygin gas is connected with the fact that
the corresponding Euler equations have a very large group of symmetry,
which implies their integrability. The relevant symmetry group has been
recently described in modern terms [18].
The negative pressure following from the Chaplygin equation of state
could also be used for the description of certain effects in deformable solids
[19], of stripe states in the context of the quantum Hall effect and of other
phenomena.
It is worth mentioning a remarkable feature of the Chaplygin gas,
namely that it has positive and bounded squared sound velocity
v2s =
∂p
∂ρ
=
A
ρ2
,
which is a non-trivial fact for fluids with negative pressure (this follows
from ρ2 ≥ A, see formula (22) below).
Beyond cosmology, the Chaplygin gas equation of state has recently
raised a growing attention [20] because it displays some interesting and,
in some sense, intriguingly unique features.
Indeed, Eq. (1) has a nice connection with string theory and it can be
obtained from the Nambu-Goto action for d-branes moving in a (d + 2)-
dimensional spacetime in the light-cone parametrization [21]. Also, the
Chaplygin gas is the only fluid which, so far, admits a supersymmetric
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generalization [22]. We ourselves came across this fluid [23] when study-
ing the stabilization of branes [24] in black hole bulks [25]. An “anti-
Chaplygin” state equation, i.e. Eq. (1) with negative constant A, arises
in the description of wiggly strings [26, 27].
Inspired by the fact that the Chaplygin gas possesses a negative pres-
sure we have undertaken the simple task of studying a FRW cosmology
of a universe filled with this type of fluid [14]. Further theoretical de-
velopments of the model were given in [28, 29, 30, 31]. One of its most
remarkable properties is that it describes a transition from a decelerated
cosmological expansion to a stage of cosmic acceleration. The inhomoge-
neous Chaplygin gas can do more: it is able to combine the roles of dark
energy and dark matter [29].
Another model that has been discussed in some detail [30] is the gen-
eralized Chaplygin gas that has two free parameters:
p = − A
ρα
, 0 < α ≤ 1 (2)
A further possibility is to use [31] a more realistic two-fluid cosmo-
logical model including both the Chaplygin gas and the usual dust-like
matter; this was also studied by using the statefinder parameters [32, 33].
While the model looks less economical than pure Chaplygin, it is more
flexible from the point of view of the comparison with observational data.
Moreover, the two-fluid model can suggest a solution of the cosmic coin-
cidence conundrum [31].
The cosmological models of the Chaplygin class have at least three
significant features: they describe a smooth transition from a decelerated
expansion of the universe to the present epoch of cosmic acceleration;
they attempt to give a unified macroscopic phenomenological description
of dark energy and dark matter; and, finally, they represent, perhaps, the
simplest deformation of traditional ΛCDM models.
Taking into account these attractive features, it is important to try
to explain what could be the microscopic origin of the presence of the
Chaplygin gas in our universe. An interesting attempt [34] makes use of
a field theory approach to the description of a (3 + 1)-dimensional brane
immersed in a (4 + 1)-dimensional bulk [35]. Phenomenologically, the
Chaplygin gas manifests itself as the effect of the immersion of our four-
dimensional world into some multidimensional bulk. The appearance of
the Chaplygin gas in such a context does not depend on the details of the
theory.
Another interesting feature of the Chaplygin gas is that it can be con-
sidered as the simplest model within the family of tachyon cosmological
models. Namely, the Chaplygin gas cosmological model can be identified
with a tachyon field theoretical model with a constant value of the field
potential [36]. Using this fact as a starting point, we have developed a
technique of construction of tachyon models which are in general corre-
spondence with the present observational data, describing the contempo-
rary epoch of cosmic acceleration [37]. On the other hand, these models
have a rather rich dynamics, opening various scenarios for the future of the
universe. In particular, it is possible that the present cosmological acceler-
ation be followed by a catastrophically decelerated expansion culminating
3
in a Big Brake cosmological singularity. This type of cosmological singu-
larity is characterised by an infinite value of cosmic deceleration which is
achieved in a finite span of time.
A significant amount of work has been devoted to the comparison of
the Chaplygin cosmological predictions with observational data38−64. In
this context, one can mention the following directions of investigation:
1. Supernova of type Ia observations.
2. Cosmic microwave background radiation.
3. Growth of inhomogeneities and the large scale structure of the universe.
4. Statistics of gravitational lensing.
5. X-ray luminosity of galaxy clusters.
6. Age restrictions from high-redshift objects.
7. New methods of diagnostics of the dark energy equation of state for
future supernovae observations.
The restrictions coming from the studies of the large-scale structure of
the universe are crucial for the viability of the Chaplygin gas models
[40, 46, 47, 50, 52, 53, 57]. One can safely say that a careful investigation
of the non-linear regime of the growth of inhomogeneities is necessary for
the purpose of coming to definite conclusions concerning the compatibility
of the Chaplygin cosmologies with the observable large-scale structure of
the universe.
Finally, we remark that until recently the standard ΛCDM model was
considered as the most natural candidate for the role of dark energy from
the observational point of view. Thus, the usual discussions of such the-
oretical problems as the relation between the cosmological constant and
the Planck mass scale and the cosmic coincidence conundrum coexisted
with a tacit agreement that there is nothing that can fit the data better
than this simplest model. One can now detect first signs of a possible
change of the situation. An example is paper [65], where some essential
arguments in favour of a non-constant ratio between the pressure and the
energy density of dark energy were put forward. Moreover, the study of
conditions under which future SNAP (Supernova / Acceleration Probe)
and cosmic microwave background radiation observations would be able
to rule out the simplest ΛCDM model is also attracting attention [66]. In
this context, further study of the Chaplygin gas cosmological model and
its relatives looks promising.
The structure of this paper is the following: in sections 2 and 3 we
present some theoretical foundations of the Chaplygin gas in modern
physics; section 4 contains the discussion of the Chaplygin cosmological
model; in section 5 we consider a two-fluid cosmological model in terms of
the statefinder parameters; section 6 presents the relationships between
the Chaplygin cosmological model and some corresponding scalar field
and tachyon field models.
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2 Branes and the Chaplygin’s equation
of state
The rather special status of the Chaplygin fluid may be appreciated by
reviewing how its equation of state reappears in a modern theoretical
physics context.
To this end one is led to consider the Nambu-Goto action for a d-brane
moving in a (d+ 2)-dimensional spacetime in the light-cone parametriza-
tion [21]. However, to keep the discussion elementary, we restrict our
attention to the 3-dimensional case [23] i.e. the string case. When writ-
ten in the light-cone gauge, the Hamiltonian for such a string has the
following structure:
H =
1
2
∫
[Π2 + (∂σx)
2]dσ, (3)
where σ is a spatial world-sheet coordinate, x is a transversal spatial
coordinate and Π is its conjugate momentum. The Hamilton equations
following from (3) are very simple:
∂τx = Π, (4)
∂2ττx− ∂2σσx = 0. (5)
At this point one wants to interpret the functions
ρ(x) = (∂σx)
−1, (6)
v = Π, (7)
as the density and the velocity fields of a certain fluid associated with the
string.
This is substantiated by a special instance of the hodograph transfor-
mation [21], that makes one move from the independent variables τ and
σ to the variables t = τ and x. There hold the following relations:
∂
∂τ
=
∂
∂t
+Π
∂
∂x
=
∂
∂t
+ v
∂
∂x
, (8)
∂
∂σ
= (∂σx)
∂
∂x
=
1
ρ
∂
∂x
. (9)
At this point one can easily see that the density and velocity that we have
defined always satisfy the continuity equation
∂ρ
∂t
+
∂(ρv)
∂x
= 0. (10)
Furthermore Eqs. (8) and (9) can be used to show that Eq. (5) for
the string is equivalent to the Euler equation
ρ
(
∂
∂t
+ v
∂
∂x
)
v +
∂p
∂x
= 0. (11)
for the fluid, provided that the pressure field satisfies the Chaplygin equa-
tion of state (1) with A = 1.
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The Chaplygin equation of state also arises in connection with the
Randall-Sundrum model [24]. In this model one thinks of our four di-
mensional Minkowski spacetime to be a brane in a higher dimensional
manifold. The difference of the Randall-Sundrum model w.r.t. the stan-
dard Kaluza-Klein models is that the higher dimensional manifold has
now a (non-factorizable) warped structure as given by its metric
ds2 = e−2|y|/l(dt2 − dx21 − dx22 − dx23)− dy2, (12)
where y is an additional fifth coordinate and e−2|y|/l is the warping factor.
Eq. (12) is the metric of a portion of a five-dimensional anti-de Sitter
spacetime of radius l.
At y = 0 one has the so called orbifold boundary conditions. Here
the Christoffel symbols have finite jumps while the components of the
curvature tensor contain δ-like terms. To compensate them, one should
introduce a brane located at y = 0 whose tension is λ = 6/l. This ten-
sion can be interpreted as a nonvanishing cosmological constant on the
4-dimensional brane spacetime, or equivalently, as a fluid living on the
brane whose state equation is p = −ρ. The 5-dimensional anti-de Sitter
curvature makes the graviton essentially trapped on the 4-brane.
It is possible to consider other geometries for the brane, and this in
general requires other kinds of matter on it for its stabilization. We have
considered [23] a foliation of the (n+2)-dimensional anti-de Sitter space-
time by static universes with topology R× Sn, always imposing orbifold
boundary conditions. In this case [23] the matter on the brane is a fluid
satisfying the following state equation:
p = − (n− 1)ρ
n
− 4n
ρl2
. (13)
In the three-dimensional case (n = 1) this reduces again to the Chaplygin
gas state equation.
3 A possible theoretical basis for the Chap-
lygin gas in cosmology
As we shall see in the next section, the Chaplygin gas cosmological model
has interesting features. Before discussing the latter in detail, we would
like to address the question whether there is any fundamental mecha-
nism to produce a Chaplygin gas source term at the RHS of the Einstein
equations.
An interesting attempt in this direction [34] makes use of a (3 + 1)-
brane immersed in a (4 + 1)-bulk, following a recent stream of ideas [35].
Consider the embedding of a (3 + 1)-dimensional brane in a (4 + 1)-
dimensional bulk described by coordinates xM = (xµ, x4), where the index
µ runs over 0, 1, 2, 3. Denote the bulk metric by gMN . Then, the induced
metric on the brane is given by
g˜µν = gµν − θ,µθ,ν , (14)
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where θ(xµ) is a scalar field describing the embedding of the brane into
the bulk.
The action on the brane has the following structure:
Sbrane =
∫
d4x
√
−g˜(−f + · · ·) =
∫
d4x
√−g
√
1− gµνθ,µθ,ν(−f + · · ·),(15)
where the constant f gives a brane tension and the dots · · · stay for other
possible contributions. Equation (15) follows from the identity
det(aij − bibj) = det(aij) (1− bm(a−1)mnbn),
whose proof is straightforward.
The energy-momentum tensor following from the tension-like action
(15) is then
Tµν = f
(
θ,µθ,ν√
1− gµνθ,µθ,ν
+ gµν
√
1− gµνθ,µθ,ν
)
. (16)
This expression corresponds to a perfect fluid energy-momentum tensor
Tµν = (ρ+ p)uµuν − pgµν ,
provided one makes the following identifications: the four-velocity
uµ =
θ,µ√
gµνθ,µθ,ν
;
the pressure and the energy density:
p = −f
√
1− gµνθ,µθ,ν (17)
ρ = f
1√
1− gµνθ,µθ,ν
. (18)
It follows that the pressure and energy density exactly satisfy the Chap-
lygin’s equation of state (1) with A = f2.
4 FRW cosmology with the Chaplygin
gas
We consider a homogeneous and isotropic universe with the metric
ds2 = dt2 − a2(t)dl2, (19)
where dl2 is the metric of a 3-manifold of constant curvature (K = 0,±1),
and the expansion factor a(t) evolves according to the Friedmann equation
a˙2
a2
= ρ− K
a2
. (20)
Energy conservation
d(ρ a3) = −p d(a3) (21)
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together with the equation of state (1) give the following relation:
ρ =
√
A+
B
a6
, (22)
where B is an integration constant. By choosing a positive value for B we
see that for small a (i.e. a6 ≪ B/A) the expression (22) is approximated
by
ρ ∼
√
B
a3
(23)
which corresponds to a universe dominated by dust-like matter. For large
values of the cosmological radius a it follows that
ρ ∼
√
A, p ∼ −
√
A, (24)
which, in turn, corresponds to an empty universe with a cosmological
constant
√
A (i.e a de Sitter universe). In the flat case it is also possible
to find the exact solution as follows:
t =
1
64
√
A

ln 4
√
A+ B
a6
+4
√
A
4
√
A+ B
a6
−4√A
− 2 arctan4
√
1 +
B
Aa6
+ pi

 .(25)
Note that ρ =
√
A solves the equation
ρ+ p = ρ− A
ρ
= 0. (26)
The circumstance that this equation has a nonzero solution lies at the
heart of the possibility of interpreting the model as a “quintessential”
one. Let us estimate the constant A by comparing our expressions for
pressure and energy with observational data. An indirect and naive way
to do it is to consider the nowadays accepted values for the contributions
of matter and cosmological constant to the energy density of the universe.
To use these data we decompose pressure and energy density as follows:
p = pΛ + pM = −Λ, (27)
ρ = ρΛ + ρM = Λ + ρM . (28)
An application of Eq. (1) gives
A = Λ(Λ + ρM ). (29)
If the cosmological constant contributes seventy percent to the total en-
ergy we get
√
A ≈ 1.2Λ. We now observe that, in the context of a
Chaplygin cosmology, once an expanding universe starts accelerating it
cannot decelerate any more. Indeed Eqs. (20) and (21) imply that
a¨
a
= −1
2
(ρ+ 3p). (30)
Condition a¨ > 0 is equivalent to
a6 >
B
2A
, (31)
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which is obviously preserved by time evolution in an expanding universe.
It thus follows that the observed value of the (effective) cosmological con-
stant will increase up to 1.2Λ.
There is a relation of our Chaplygin cosmology with cosmologies based
on fluids admitting a bulk viscosity proportional to a power of the density
[67, 68, 69, 70]. In the flat K = 0 case the FRW equations for Chaplygin
fit in this scheme as a special case [68] and indeed a transition from power
law to exponential expansion was already noticed [67, 71]. However, since
the state equation for the corresponding fluid is different from our Eq. (1)
this coincidence of the solutions is destroyed by any small perturbation,
for instance by a small spatial curvature or by adding another matter
source.
Considering now the subleading terms in Eq. (22) at large values of a
(i.e. a6 ≫ B/A), one obtains the following expressions for the energy and
pressure:
ρ ≈
√
A+
√
B
4A
a−6, (32)
p ≈ −
√
A+
√
B
4A
a−6. (33)
Eqs. (32) and (33) describe the mixture of a cosmological constant
√
A
with a type of matter known as “stiff” matter, described by the following
equation of state:
p = ρ. (34)
Note that a massless scalar field is a particular instance of stiff matter.
Therefore, in a generic situation, a Chaplygin cosmology can be looked
upon as interpolating between different phases of the universe: from a dust
dominated universe to a de Sitter one passing through an intermediate
phase which is the mixture just mentioned above. The interesting point,
however, is that such an evolution is accounted for by using one fluid only.
For open or flat Chaplygin cosmologies (K = −1, 0), the universe
always evolves from a decelerating to an accelerating epoch. For the
closed Chaplygin cosmological models (K = 1), the Friedmann equations
(20) and (30) tell us that it is possible to have a static Einstein universe
solution a0 = (3A)
− 1
4 provided the following condition holds:
B =
2
3
√
3A
. (35)
When B > 2
3
√
3A
the cosmological radius a(t) can take any value, while if
B <
2
3
√
3A
there are two possibilities: either
a < a1 =
1√
3A
(√
3 sin
ϕ
3
− cos ϕ
3
)
(36)
or
a > a2 =
2√
3A
cos
ϕ
3
, (37)
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where ϕ = pi−arccos 3√3AB/2. The region a1 < a < a2 is not accessible.
Further information on the dynamics of the Chaplygin gas cosmological
model can be found in the literature [72, 73].
For the generalized Chaplygin gas [14, 30] the dependence of the energy
density on the cosmological radius is
ρ =
(
A+
B
a3(1+α)
) 1
1+α
. (38)
This type of matter at the beginning of the cosmological evolution behaves
like dust and at the end of the evolution like a cosmological constant,
while during the intermediate stage it could be treated as a mixture of
two-fluids: the cosmological constant and a perfect fluid with equation
of state p = αρ. The generalized Chaplygin gas cosmological models
have an additional free parameter α to play with and are convenient for
the comparison with observational data. However, the prospects of the
construction of a physical theory explaining the origin of these models
seem even less evident than those for the true Chaplygin gas with α = 1.
5 The statefinder parameters and a two-
fluid cosmological model
Since models trying to provide a description (if not an explanation) of
the cosmic acceleration are proliferating, there exists the problem of dis-
criminating between the various contenders. To this aim a new proposal
introduced in [32] may turn out useful, which exploits a pair of parameters
{r, s}, called “statefinder”. The relevant definition is as follows:
r ≡
···
a
aH3
, s ≡ r − 1
3(q − 1/2) , (39)
where H ≡ a˙
a
is the Hubble constant and q ≡ − a¨
aH2
is the deceleration
parameter. The new feature of the statefinder is that it involves the third
derivative of the cosmological radius.
Trajectories in the {s, r}-plane corresponding to different cosmological
models exhibit qualitatively different behaviours. ΛCDM model diagrams
correspond to the fixed point s = 0, r = 1. The so-called ”quiessence”
models [32] are described by vertical segments with r decreasing from
r = 1 down to some definite value. Tracker models [74, 75] have typical
trajectories similar to arcs of parabola lying in the positive quadrant with
positive second derivative.
The current location of the parameters s and r in these diagrams can
be calculated in models (given the deceleration parameter); it may also
be extracted from data coming from future SNAP (SuperNovae Acceler-
ation Probe)-type experiments [32]. Therefore, the statefinder diagnostic
combined with forthcoming SNAP observations may possibly be used to
discriminate among different dark energy models.
Here, we consider the one-fluid pure Chaplygin gas model and a two-
fluid model where dust is also present [31]. We show that these models
are different from those considered in [32].
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To begin with, let us rewrite the formulae for the statefinder parame-
ters in a form convenient for our purposes. Since
p˙ =
∂p
∂ρ
ρ˙ = −3√ρ (ρ+ p)∂p
∂ρ
, (40)
we easily get:
r = 1 +
9
2
(
1 +
p
ρ
)
∂p
∂ρ
, s =
(
1 +
ρ
p
)
∂p
∂ρ
. (41)
For the Chaplygin gas one has simply that
v2s =
∂p
∂ρ
=
A
ρ2
= −p
ρ
= 1 + s (42)
and therefore
r = 1− 9
2
s (1 + s). (43)
Thus, the curve r(s) is an arc of parabola. It is easy to see that
v2s =
A
A+ B
a6
. (44)
When the cosmological scale factor a varies from 0 to ∞ the velocity of
sound varies from 0 to 1 and s varies from −1 to 0. Thus in our model the
statefinder s takes negative values; this feature is not shared by quiessence
and tracker models [32].
As s varies in the interval [−1, 0], r first increases from r = 1 to its
maximum value and then decreases to the ΛCDM fixed point s = 0, r = 1
(see Fig. 1).
If q ≈ −0.5 the current values of the statefinder (within our model) are
s ≈ −0.3, r ≈ 1.9. In [32] an interesting numerical experiment based on
1000 realizations of a SNAP-type experiment, probing a fiducial ΛCDM
model is reported. Our values of the statefinder lie outside the three-sigma
confidence region displayed in [32]. Based on this fact it can be expected
that future SNAP experiments should be able to discriminate between the
pure Chaplygin gas model and the standard ΛCDM model.
Now consider a more ”realistic” cosmological model which, besides
a Chaplygin’s component, contains also a dust component. For a two-
component fluid Eqs. (41) take the following form:
r = 1 +
9
2(ρ+ ρ1)
[
∂p
∂ρ
(ρ+ p) +
∂p1
∂ρ1
(ρ1 + p1)
]
, (45)
s =
1
p+ p1
[
∂p
∂ρ
(ρ+ p) +
∂p1
∂ρ1
(ρ1 + p1)
]
. (46)
If one of the fluids is dust, i.e. p1 = pd = 0, the above formulae become
r = 1 +
9(ρ+ p)
2(ρ+ ρd)
∂p
∂ρ
, s =
ρ+ p
p
∂p
∂ρ
. (47)
If the second fluid is the Chaplygin gas, proceeding exactly as before we
obtain the following relation:
r = 1− 9
2
s(s+ 1)
1 + ρd
ρ
. (48)
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Figure 1: s-r evolution diagram for the pure Chaplygin gas
To find the term ρd/ρ we write down the dependence of the dust density
on the cosmological scale factor:
ρd =
C
a3
, (49)
where C is a positive constant. Eq. (44) gives Aa6 + B = −B
s
and
therefore
ρd
ρ
=
C√
Aa6 +B
= κ
√−s, (50)
where the constant κ = C/
√
B is the ratio between the energy densities
of dust and of the Chaplygin gas at the beginning of the cosmological
evolution. Thus
r = 1− 9
2
s(s+ 1)
1 + κ
√−s . (51)
Graphs of the function (51) for different choices of κ are plotted in Fig.
2.
In this case there are choices of the parameters so that the current
values of the statefinder are close to the ΛCDM fixed point. For κ = 1 we
have s = −0.09 and r = 1.2835; by increasing κ we get closer and closer
to the point (0, 1). Already for κ = 2 we get s = 0.035, r = 1.11 while
for κ & 5 the statefinder essentially coincides with the ΛCDM fixed point
(see Fig. 2).
Thus our two-fluid cosmological models (with κ say bigger than 5) can-
not be discriminated from the ΛCDM model on the basis of the statefinder
analysis.
However, even if the Chaplygin component closely mimics today the
cosmological constant, this neither spoils the interest of the two-fluid
12
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Figure 2: s-r evolution diagram for the Chaplygin gas mixed with dust. Dots
locate the current value of the statefinder
model nor makes it equivalent to ΛCDM; for instance, one advantage
of the model is that it may suggest a solution to the cosmic coincidence
conundrum: here the initial values of the energies of dust and of the Chap-
lygin gas can be of the same order of magnitude. In particular the value
κ = 1 is not excluded by current observations. This may be seen by using
the results of [40] and taking into account the relation
κ =
Ωm
(1− Ωm)
√
1− v2s
, (52)
where Ωm =
ρd
ρd+ρ
and where ρ, ρd and vs are evaluated at the present
epoch.
Further details concerning application of the statefinder diagnostic to
the study of Chaplygin gas models can be found in [31, 33].
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6 The Chaplygin gas, scalar fields, tachyons
and the future of the universe
It is well-known that for isotropic cosmological models, given the depen-
dence of the cosmological radius on time it is always possible to construct
a potential for a minimally coupled scalar field model, which would re-
produce this cosmological evolution (see e.g. [9]), provided rather general
reasonable conditions are satisfied. Sometimes, it is possible to construct
an explicit scalar field potential, which, provided some special initial con-
ditions are chosen, can reproduce the evolution arising in some perfect
fluid cosmological model [69, 37].
Consider the Lagrangian
L(φ) =
1
2
φ˙2 − V (φ) (53)
and set the energy density of the field equal to that of the Chaplygin gas:
ρφ =
1
2
φ˙2 + V (φ) =
√
A+
B
a6
. (54)
The corresponding ”pressure” coincides with the Lagrangian density:
pφ =
1
2
φ˙2 − V (φ) = − A√
A+ B
a6
. (55)
It immediately follows that
φ˙2 =
B
a6
√
A+ B
a6
(56)
and
V (φ) =
2a6
(
A+ B
a6
)−B
2a6
√
A+ B
a6
. (57)
We restrict ourselves to the flat case K = 0. Then Eq. (56) also implies
that
φ′ =
√
B
a(Aa6 +B)1/2
, (58)
where prime means differentiation w.r.t. a. This equation can be inte-
grated and it follows that
a6 =
4B exp(6φ)
A(1− exp(6φ))2 . (59)
Finally, by substituting the latter expression for the cosmological radius
in Eq. (57) one obtains the following potential, which has a surprisingly
simple form:
V (φ) =
1
2
√
A
(
cosh 3φ+
1
cosh 3φ
)
. (60)
Note that the potential does not depend on the integration constant B
and therefore it reflects only the state equation (1) as it should.
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The cosmological evolution of the model with a scalar field with po-
tential (60) coincides with that of the Chaplygin gas model provided the
initial values φ(t0) and φ˙(t0) satisfy the relation φ˙
4(t0) = 4(V
2(φ(t0))−A).
We have mentioned in the Introduction, that one of the most popular
candidates for the role of dark energy is a tachyon field described by the
effective action [76, 77]
S = −
∫
d4x
√−gV (T )
√
1− gµνT,µT,ν , (61)
where V (T ) is a tachyon potential. For a spatially homogeneous model
L = −V (T )
√
1− T˙ 2.
The energy density of the tachyon field is
ρ =
V (T )√
1− T˙ 2
(62)
while the pressure is
p = −V (T )
√
1− T˙ 2. (63)
It is easy to see [36] that for the constant tachyon potential V (T ) = V0 the
pressure (63) and the energy density (62) are connected by the Chaplygin
state equation (1) with A = V 20 .
Thus, we see that the Chaplygin gas model coincides with the sim-
plest tachyon cosmological model. It is interesting to construct also other
tachyon potentials reproducing the dynamics of some perfect fluid models.
For example [78, 79] a tachyon model with a potential
V (T ) =
4
√−k
9(1 + k)T 2
, −1 < k < 0 (64)
has a solution
T =
√
1 + kt, (65)
corresponding to the cosmological evolution
a = a0t
2
3(1+k) , (66)
which, in turn, could be obtained in the model with a perfect fluid obeying
the state equation
p = kρ. (67)
It is not difficult to show [37], that for k > 0 it is impossible to reproduce
the power-law cosmological evolution (66) using a tachyon action. Instead,
one can use a “pseudo” - tachyon action with the Lagrangian
L = V (T )
√
T˙ 2 − 1 (68)
with the potential
V (T ) =
4
√
k
9(1 + k)T 2
.
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In this case the corresponding solution (65) preserves its form.
We have considered [37] a more complicated toy tachyon model. Study-
ing a two-fluid cosmological model, where one of the fluids is the cosmo-
logical constant and the other fluid obeys the state equation p = kρ,−1 <
k < 1, one gets the following expression for the cosmological evolution
a(t) = a0
(
sinh
3
√
Λ(1 + k)t
2
) 2
3(1+k)
. (69)
The same evolution can be reproduced in the tachyon model with a po-
tential
V (T ) =
Λ
sin2
(
3
√
Λ(1+k)T
2
)
√√√√1− (1 + k) cos2
(
3
√
Λ(1 + k)T
2
)
. (70)
The solution of the tachyon equation of motion corresponding to the evo-
lution (69) has the form
T (t) =
2
3
√
λ(1 + k)
arctan sinh
3
√
Λ(1 + k)t
2
(71)
and could be obtained provided some special initial conditions are chosen.
Considering all possible initial conditions we get a rich family of cos-
mological evolutions, which are rather different from (69), representing a
simple two-fluid model [37]. Here we encounter two “surprises”. First,
when k > 0, for the description of the dynamics of the model it is nec-
essary to consider regions of the phase plane (T, T˙ ), where the tachyon
action (61) with the potential (70) is not well-defined and should be sub-
stituted by a pseudo-tachyon action. Second, (again for the case k > 0)
there are two types of trajectories :
a) infinitely expanding universes;
b) universes, hitting a cosmological singularity of a special type which we
call Big Brake, and which is characterised by the following behaviour of
the cosmological radius
a¨(tB) = −∞, a˙(tB) = 0, 0 < a(tB) <∞. (72)
Here tB means the final moment of time when the Big Brake is achieved.
In the current literature devoted to the future of the universe the fol-
lowing scenarios are usually condsidered:
a) an infinite asymptotically de Sitter expansion,
b) present accelerated expansion followed by contraction and the achiev-
ing of a Big Crunch cosmological singularity (see, e.g. [80, 81])
c) an accelerated expansion culminating in a Big Rip cosmological singu-
larity arising in the phantom dark energy cosmological models (see, e.g.
[82, 83, 84]). At the Big Rip singularity the cosmological radius and the
Hubble parameter achieve an infinite value in a finite interval of time.
On the basis of the above considerations, it seems reasonable to en-
visage an additional scenario, in which the present cosmic acceleration
is followed by a decelerated expansion culminating in the hitting of a
Big Brake cosmological singularity. The latter, as we have seen, can be
described in terms of a rather simple tachyon model [37].
16
Acknowledgments
A.K. is grateful to CARIPLO Science Foundation and to University of
Insubria for financial support. His work was also partially supported by
the Russian Foundation for Basic Research under the grant No 02-02-
16817 and by the scientific school grant No. 2338.2003.2 of the Russian
Ministry of Science and Technology.
References
[1] A. Riess et al., Astron. J. 116, 1009 (1998).
[2] S.J. Perlmutter et al., Astroph. J. 517, 565 (1999).
[3] N.A. Bachall, J.P. Ostriker, S. Perlmutter and P.J. Steinhardt, Science
284, 1481 (1999).
[4] V. Sahni and A.A. Starobinsky, Int. J. Mod. Phys. A9, 373 (2000).
[5] P.J.E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003).
[6] T. Padmanabhan, Phys.Rept. 380,235 (2003).
[7] V. Sahni, Class. Quantum Grav. 19, 3435 (2002).
[8] R.R. Caldwell, R. Dave and P.J. Steinhardt, Phys. Rev. Lett. 80, 1582
(1998).
[9] A.A. Starobinsky, JETP Lett. 68, 757 (1998).
[10] T.D. Saini, S. Raychaudhury, V. Sahni, A.A. Starobinsky, Phys. Rev.
Lett. 85, 1162 (2000).
[11] C. Armendariz-Picon, V. Mukhanov and P.J. Steinhardt, Phys. Rev.
Lett. 85, 4438 (2000).
[12] A. Sen, Remarks on tachyon driven cosmology, hep-th/0312153.
[13] L. Parker and A. Raval, Phys. Rev. D60, 063512 (1999).
[14] A.Yu. Kamenshchik, U. Moschella and V. Pasquier, Phys. Lett.
B511, 265 (2001).
[15] S. Chaplygin, Sci. Mem. Moscow Univ. Math. Phys. 21, 1 (1904).
[16] H.-S- Tsien, J. Aeron. Sci. 6, 399 (1939).
[17] T. von Karman, J. Aeron. Sci. 8, 337 (1941).
[18] D. Bazeia and R. Jackiw, Ann. Phys. (N Y) 270, 246 (1998).
[19] K. Stanyukovich, Unsteady Motion of Continuos Media (Pergamon,
Oxford, UK 1960).
[20] R. Jackiw, A Particle Field Theorist’s Lectures on Supersymmetric,
Non-Abelian Fluid Mechanics and d-Branes, physics/0010042.
[21] M. Bordemann, J. Hoppe, Phys. Lett. B317, 315 (1993).
[22] R. Jackiw and A. P. Polychronakos, Phys. Rev. D62, 085019 (2000).
[23] A. Kamenshchik, U. Moschella and V. Pasquier, Phys. Lett. B487,
7 (2000).
17
[24] L. Randall, R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999).
[25] M. Banados, M. Henneaux, C. Teitelboim, J. Zanelli, Phys. Rev. D48
1506 (1993).
[26] B. Carter, Phys. Lett. B224, 61 (1989).
[27] A. Vilenkin, Phys. Rev. D41, 3038 (1991).
[28] J.C. Fabris, S.V.B. Gonsalves and P.E. de Souza, Gen. Rel. Grav.
34, 53 (2002).
[29] N. Bilic, G.B. Tupper and R. Violler, Phys. Lett. B535 (2002).
[30] M.C. Bento, O. Bertolami and A.A. Sen, Phys. Rev. D66, 043507
(2002).
[31] V. Gorini, A.Yu. Kamenshchik and U. Moschella, Phys. Rev. D67,
063509 (2003).
[32] V. Sahni, T.D. Saini, A.A. Starobinsky and U. Alam, JETP Lett. 77,
201 (2003).
[33] U. Alam, V. Sahni, T.D. Saini and A.A. Starobinsky, Mon. Not. Roy.
Astron. Soc. 344, 1057 (2003)
[34] N.Bilic, G.B. Tupper and R. Viollier, Dark matter, dark energy and
the Chaplygin gas, astro-ph/0207423.
[35] R. Sundrum, Phys. Rev. D59, 085009 (1999).
[36] A. Frolov, L. Kofman and A. Starobinsky, Phys. Lett. B545, 8 (2002).
[37] V. Gorini, A. Kamenshchik, U. Moschella and V. Pasquier, Tachyons,
scalar fields and cosmology, hep-th/0311111.
[38] J.C. Fabris, S.V.B. Goncalves and P.E. De Souza, Gen. Rel. Grav.
34, 2111 (2002).
[39] J.C. Fabris, S.V.B. Goncalves and P.E. De Souza, Fitting the super-
nova type Ia data with the Chaplygin gas, astro-ph/0207430.
[40] P.P. Avelino, L.M.G. Beca, J.P.M. de Carvalho, C.J.A.P. Martins
and P. Pinto, Phys. Rev. D67, 023511 (2003).
[41] A. Dev, J.S. Alcaniz and D. Jain, Phys. Rev. D67, 023515 (2003).
[42] M. Makler, S. Quinet de Oliveira and I. Waga, Phys. Lett. B555, 1
(2003).
[43] J.S. Alcaniz, D. Jain and A. Dev, Phys. Rev. D67, 043514 (2003).
[44] M.C. Bento, O. Bertolami and A.A. Sen, Phys. Rev. D67, 063003
(2003).
[45] D. Cartugan and F. Finelli, Phys. Rev. D68, 103501 (2003).
[46] H. Sandvik, M. Tegmark, M. Zaldariaga and I. Waga, The end of
unified dark matter?, astro-ph/0212114.
[47] R. Bean and O. Dore, Phys. Rev. D68, 023515 (2003).
[48] R. Colistete, Jr., J.C. Fabris, S.V.B. Goncalves and P.E. de Souza,
Bayesian analysis of the Chaplygin gas and cosmological consstant
models using the SNE Ia data, astro-ph/0303338.
18
[49] M.C. Bento, O. Bertolami and A.A. Sen, Phys. Lett. B575, 172
(2003).
[50] L.M.G. Beca, P.P. Avelino, J.P.M. de Carvalho and C.J.A.P. Martins,
Phys. Rev. D67, 101301 (2003).
[51] L. Amendola, F. Finelli, C. Buriana and D. Carturan, JCAP 0307,
005 (2003).
[52] R.R.R. Reis, I. Waga, M.O. Calvao and S.E.Joras, Phys. Rev. D68,
061302 (2003).
[53] P.P. Avelino, L.M.G. Beca, J.P.M. Carvalho, C.J.A.P. Martins and
E.J. Copeland, Phys. Rev. D69, 041301 (2004).
[54] M. Makler, S. Quinet de Oliveira and I. Waga, Phys. Rev. D68,
123521 (2003).
[55] P.P. Avelino, L.M.G. Beca, J. P. M. de Carvalho and C.J.A.P. Mar-
tins, JCAP 0309, 002 (2003).
[56] N. Bilic, R.J. Lindebaum, G.B. Tupper and R.D. Viollier, The Chap-
lygin gas and the evolution of dark matter and dark energy in the
universe, astro-ph/0307214;
[57] T. Multamaki, M. Manera and E. Caztanaga, Phys. Rev. D69,
023004 (2004).
[58] J.S. Alcaniz and J.A.S. Lima, Measuring the Chaplygin gas equation
of state from angular and luminosity distances, astro-ph/0308465.
[59] N. Bilic, R. J. Lindenbaum, G.B. Tupper and R.D. Viollier, Inhomo-
geneous Chaplygin gas cosmology, astro-ph/0310181.
[60] A. Dev, D. Jain and J.S. Alcaniz, Constraints on Chaplygin
quartessence from the CLASS gravitational lens statistics and super-
nova data, astro-ph/0311056.
[61] Y. Gong and C.-K. Duan, Constraints on alternative models to dark
energy, gr-qc/0311060.
[62] Y. Gong and C.-K. Duan, Supernova constraints on alternative mod-
els to dark energy, astro-ph/0401530.
[63] S. Nesseris and L. Perivolaropoulos, A comparison of cosmological
models using recent supernova data, astro-ph/0401556.
[64] O. Bertolami, A.A. Sen, S. Sen and P.T. Silva, Latest super-
nova data in the framework of generalized Chaplygin gas model,
astro-ph/0402387.
[65] U. Alam, V. Sahni, T.D. Saini and A.A. Starobinsky, Is there super-
nova evidence for dark energy metamorphosis ?, astro-ph/0311364.
[66] J. Kratochvil, A. Linde, E.V. Linder and M. Shmakova, Test-
ing the cosmological constant as a candidate for dark energy,
astro-ph/0312183.
[67] J.D. Barrow, Phys. Lett. B180, 335 (1986).
[68] J.D. Barrow, Nucl. Phys. B310, 743 (1988).
[69] J.D. Barrow, Phys. Lett. B235, 40 (1990).
19
[70] J.D. Barrow and P. Saich, Phys. Lett. B249, 406 (1990).
[71] R. Treciokas and G.F.R. Ellis, Commun. Math. Phys. 23, 1 (1971).
[72] I.M. Khalatnikov, Phys. Lett. B563, 123 (2003).
[73] M. Szydlowski and W. Czaja, Phys. Rev. D69, 023506 (2004).
[74] B. Ratra and P.J.E. Peebles, Phys. Rev. D37, 3406 (1988).
[75] P. Brax and J. Martin, Phys. Rev. D61, 103502 (2000).
[76] A.Sen, Rolling Tachyon, JHEP 0204, 048 (2002) 048.
[77] M.R. Garousi, Nucl. Phys. B584, 284 (2000).
[78] A. Feinstein, Phys. Rev. D66, 063511 (2002).
[79] T. Padmanabhan, Phys. Rev. D66, 021301 (2002).
[80] R. Kallosh and A. Linde, JCAP 02, 002 (2003).
[81] U. Alam, V. Sahni and A.A. Starobinsky, JCAP 04, 002 (2003).
[82] R.R. Caldwell, M. Kamionkowski and N.N. Weinberg, Phys. Rev.
Lett. 91, 071301 (2003).
[83] M.P. Dabrowski, T. Stachowiak and M. Szydlowski, Phantom cos-
mologies, hep-th/0307128.
[84] M. Sami and A. Toporensky, Phantom field and the fate of the uni-
verse, gr-qc/0312009.
20
